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Nasta Bulletin planeras komma ut i maj. Skicka gdrna lokala nyheter till samfundets
sekreterare Olof Svensson, secretary@swe-math-soc.se, senast 1 ma,j.

Ordforanden har ordet

Samfundets arsmote kommer att héllas fredagen den 14 juni i Uppsala. Programmet och
dagordningen kommer att skickas en manad innan métet. Tre tidigare
Wallenbergpristagare Lilian Matthiesen, Martin Raum och Wushi Goldring ska halla
féredrag om sin forskning.

Tyvarr forsenas arets Wallenbergpris. Sedan 1987 har priset finansierats genom
generdsa donationer frdn Marianne och Marcus Wallenbergs Stiftelse. For narvarande
ansoker samfundet om en ny donation frdn en annan Wallenbergs Stiftelse, vilket har
varit en bidragande faktor till férdréjningen.

Samfundet utlyser i ar vanliga resestipendier fér unga matematiker (Knut och Alice
Wallenbergs resefond, Mats Esséns minnesfond samt Linda Peetres minnesfond). Sista
ansdkningsdagen ar den 31 mars 2024.

Vi fortsatter med ”"SMS Distinguished Lecture Series” som hélls vid samfundets
hostmote. Forslag pa foredragshallare till arets hostmote skickas I6pande till
president@swe-math-soc.se

Lyudmyla Turowska, ordférande
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Matematikolympiader

Det dr nagot speciellt med olympiska spel. Ett skimmer som inte upprepas i andra sammanhang
och som gor varje olympiad till en fest for sdvil deltagare som &skddare. Det ma vara att
matematikolympiaderna inte dr dskadarvénliga och attraktiva for allminheten, likvél dr de samma
killa till gladje for alla inblandade. Den Internationella matematikolympiaden (IMO) &r den dldsta
vetenskapliga tdvlingen for gymnasieelever och har funnits sen femtiotalets sista éar, da endast for
ett fatal linder fran det gamla Ostblocket. Antalet l&inder som deltar har nu Sverstigit 100. Sverige
var med for forsta gdngen 1967 och var ett av de forsta vésteuropeiska landerna som deltog i IMO
regelbundet. Sedan dess har Sveriges lag utsetts av Skolornas matematiktivling (fore detta
Svenska Dagbladets matematiktdvling). Man skulle kunna tro att eleverna skriver under ndgra
timmar, deras alster réttas och rangordnas och si dr det bra med det. I sjdlva verket é&r
uttagningsprocessen betydligt mer komplicerad dn sa och kraver mycket arbete av sivil deltagare
som organisatorer.

Tavlingsaret borjar med kvalificeringsrundan, pa en tisdag ndgon géng i skarven september —
oktober. Eleverna (pé senare tid ca 1000 per ar) skriver pa sina skolor. En del ldrare utfor en forsta
gallring och skickar endast in en del av skrivningarna. Tavlingskommittén vid SMS (som bestar av
representanter for de stora svenska universiteten) tridffas i Goteborg under en helg i slutet av
oktober och rittar de ca 900 alster som kommit in. Som resultat utses de 20 — 25 individuella
finalisterna och de fem lagfinalisterna, alltsd de fem skolor som presterat bist i kvalet. Den
individuella finalen dger rum en 16rdag i slutet av november pad négot av de stora universiteten,
enligt ett rullande schema. Vinnaren koras och alla deltagare far ta emot priser vars storlek beror
pa deltagarens placering. Efter finalen borjar den del av tdvlingsaret som fa dr medvetna om.
Finalisterna erbjuds den sé kallade korrespondenskursen. Var tredje vecka far de sex uppgifter vars
l6sningar de forvintas skicka in (numera snarare ladda upp). Det samlade resultatet fran
korrespondenstriningen dr en av faktorerna som tas hédnsyn till vid laguttagningen. I mars — april,
beroende pa hur pasken ligger, genomfors ett traningslidger som avslutas med ett prov. Likasa 1
mars — april genomfors den Nordiska matematiktdvlingen (NMC) som Danmark, Norge, Finland,
Island och Sverige deltar i. Nér allt detta dr avklarat borjar det svdra arbetet med att utse dem som
ska representera Sverige pa arets IMO. Vissa ar har vi tur, alla kriterier (kval, final,
korrespondenskurs, uttagningsprov och NMC) pekar at samma hall. Andra ar har nagon visat
briljans 1 hilften av momenten och fallit igenom med dunder och brak i den andra hélften. S& vad
ska man gora, hur jamfor man dpplen med paron? Och vad smakar bist, dpplen eller paron? Har
maste noteras att Al paverkar dven uttagningen av Sveriges IMO-lag. Det har alltid varit sa att
eleverna haft tillgang till bade bocker och Internet nir de 16st korrespondensuppgifterna. Det dr
fullt tillatet, meningen &r just att man ska hitta och lara sig nya saker. Det som aldrig varit tillatet
ar att ta hjalp av nidgon som ldser uppgifterna at en. Med Al blir grinsdragningen néstintill
omdgjlig. Det ldr finnas programvara som klarar av problem pd IMO-niva inom vissa omraden.
Korrespondenskursen kommer att leva vidare som ett triningsinslag, men dess péverkan pa
laguttagningen kommer att minska till formén for skrivningar som genomfors i realtid och under
kontrollerade former. Strax fore IMO deltar laget 1 ett gemensamt nordiskt traningsldger 1 Soro,
Danmark.
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Svenska IMO-deltagare 2023, Japan

Téavlingsverksamheten dr till nytta dven for andra dn dem som aktivt deltar. Dels leder vissa
elevers deltagande till diskussioner om matematiska problem och problemldsning 1 klasserna, dels
finns gamla problem och I6sningar pa tévlingens hemsida, tillgdngliga for dem som kanske inte
végar sig pa att tidvla eller som saknar tdvlingsinstinkt. Dessutom kan ldrare anvénda varianter av
problemen (ibland forenklade) i sin undervisning.

Intressant &r att manga av vara fore detta IMO-deltagare och finalister for budskapet vidare. De
har bildat foreningen Ung Vetenskapssport som arrangerar egna traningsldger och sprider intresset
for matematik bland svenska gymnasieelever.

Men vad blev det av lagtivlingen? Det valdes ju ut fem lagfinalister? Lagfinalen ar ett relativt nytt
moment, det har endast funnits under knappt tio ar. Syftet var dels att involvera fler elever i ndgon
typ av verksamhet och gemenskap, dels att ha ett moment i slutet av varen nar IMO-laget redan dr
klart och det finns en tendens till intresseddmpning. Lagfinalen arrangeras i samarbete med
Malmé Borgarskola och dr en vidareutveckling av deras tdvling Pythagoras Enigma. Under
pandemin fick momentet sin nuvarande form. Lagen fér vélja ett tema ur en lista som skickas till
dem och skriver en kort uppsats for en forsta bekantskap med &dmnet. Malgruppen éar
matematikintresserade gymnasieelever, inte nddvéindigtvis pa finalistnivd. Lagen far presentera
sina uppsatser (i Zoom) och opponera pa varandra. Podngen delas ut av en internationell jury
(varfor ska vi vara sdamre dn Mello?). Under de fyra ar tdvlingsformen har funnits har
jurygrupperna kommit frén Ryssland, Tyskland, Brasilien och Osterrike. Intressant och nyttigt for
alla parter. De eventuellt redigerade uppsatserna laddas upp pad matematiktdvlingens hemsida och
utgor redan nu ett litet bibliotek for intresserade elever.

Det vore inte rétt att avsluta utan att nimna dem som finansierar verksamheten. Var storsta
sponsor dr multistrategiforvaltaren Brummer & Partners. Bidraget finansierar det mesta av
verksamheten, bland annat de tvé trdningsldger som genomfors. Det universitet som arrangerar
finalen stér for kostnaderna. Slutligen, biljetterna till och frdn IMO-orten betalas av Skolverket via
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deras bidrag for internationella tdvlingar. Priserna som delas ut kommer till storsta delen fran en
donation till Torsten Ekedahls minne, frd&n hans mor och syskon. Brummer & Partners ger
dessutom vinnaren av SMT ett specialpris, en resa till Rouse Ball-foreldsningen pd Trinity College
i Cambridge, alternativt en resa till CERN. Vi dr mycket tacksamma for allt som gor det mojligt
for oss att fortsétta bedriva verksamheten!

Nyfiken? Héar kommer en uppgift frdn kvalomgingen hosten 2023 och Norra Reals uppsats som
vann lagfinalen 2021/2022. Fler uppgifter och uppsatser finns att ldsa pa

www.mattetavling.se

5. Vinkeln vid C i triangel ABC ar 45° och vinkeln vid A4 &r spetsig. Strackorna BD och CE ar
hojder i triangeln (E#B). Punkten F pa sidan 4B &r sadan att DF &r vinkelrdt mot AB. Visa att om |
CE|+|BE|=2|DF| sa ar vinkeln vid hornet A mindre 4n 45° och omvint, om vinkeln vid hérnet A4
ar mindre dn 45° sa géller |CE|+|BE|=2|DF|.

Jana Madjarova, Matematiska Vetenskaper, Chalmers/GU.

Resestipendier

KNUT OCH ALICE WALLENBERGS STIFTELSES RESEFOND
och
MATS ESSENS MINNESFOND

Svenska matematikersamfundet kan an en gang utlysa resestipendier avsedda for
ograduerade forskare i matematik. Med ograduerade forskare avses de som annu e€j
avlagt doktorsexamen.

Wallenbergsstipendierna ar till fér att utnyttjas som delfinansiering fér konferensresor
och kortare utlandsvistelser. Stipendierna kan anvandas som hel- eller delfinansiering for
resekostnader, logi, konferensavgifter och dylik, men inte till traktamente.
Stipendiebeloppet &r hégst 4000 kr/person. Kostnader ska styrkas med kvitto vid
rekvisition.

Essénstipendierna ar i forsta hand avsedda fér deltagande i sommarskolor och liknande
aktiviteter. | dvrigt galler samma regler som fér Wallenbergsstipendierna utom att
stipendiebeloppet kan vara minst 4000 kronor och hégst 8000 kronor.

Till ansékan skall bifogas

* Meritférteckning

+ Budget for resan

+ En kortfattad redogdrelse for resans betydelse for den sékandes forskningsarbete
(denna skall vara styrkt med ett intyg frdn handledaren)

samt naturligtvis adressuppgifter (inkl. e-postadress). Det skall framgé huruvida ansékan
avser Wallenbergs- eller Essénstipendier, eller bdde och; dock kommer Wallenbergs-
och Essénstipendier normalt inte att utdelas samtidigt till samma sékande. Ansdkan
skall vara inkommen senast 31 mars 2024, och skickas elektroniskt (en (1) pdf-fil) till

Pavel Kurasov (vice-president@swe-math-soc.se)
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LINDA PEETRE MEMORIAL FUND

The Linda Peetre Memorial Fund invites applications from mathematicians in Estonia,
Latvia, Lithuania, and Sweden for research visits and participation in conferences. The
total available sum is about 30 000 SEK.

Applications should be sent to the Vice President of the Swedish Mathematical Society,
Pavel Kurasov (vice-president@swe-math-soc.se) no later than March 31, 2024, and
contain a short description of the proposed activity; a budget; a short CV; and a list of
relevant publications. Priority will be given to applicants from the mentioned countries in
the order listed.

The Linda Peetre Memorial Fund was established in 2007 thanks to a do- nation from
Jaak Peetre and is named after his mother Linda Peetre (1903- 1961).

Invitation to Equadiff 2024 (Karistad, June 10-14 2024)

Karlstad is proud to organize Equadiff 2024 (during June 10-June 14) at its university
campus.

The Equadiff is a series of biennial conferences on theoretical aspects of differential
equations (broadly seen) held in rotation in various countries of Western and Eastern
Europe. Recent editions in Western Europe include Berlin (1999), Hasselt (2003),

Vienna (2007), Loughborough (2011), Lyon (2015), Leiden (2019), all of which attracted
at least 400 participants. The next Equadiff conference will be held in Karlstad (Sweden)
from June 10 to 14, 2024.

The webpage of the 2024 event in Karlstad is https://www.kau.se/equadiff

Both the registration to the event and the submission of abstracts is now open. Feel
welcome to join!

Mathematics with Industry Days

(MiMM Days) are highly-interactive events where gifted high-school pupils, university
students (in mathematics and/or in other natural sciences), as well as active researchers
in (applied) mathematics team up together to face, during one single day (!), unsolved
challenges posed by the industry, government, or society.

The 7th Mathematics with Industry Day took successfully place in Karlstad on December
6, 2023. It brought together 35 mathematicians and friends. The format was hybrid and
the language of expression was English. The two industrial challenges of this year were
posed by two companies: Uddeholm AB (Hagfors, Sweden) and tesa SE (Hamburg,
Germany). The participants came mostly from Sweden (Karlstad, Géteborg, Stockholm,
and Vasteras), while a few of them reached out from abroad (Germany, India, and


https://eur01.safelinks.protection.outlook.com/?url=https%3A%2F%2Fwww.kau.se%2Fequadiff&data=05%7C02%7Colof.svensson%40liu.se%7Cf924aac5ccd047241e8b08dc2d3603d2%7C913f18ec7f264c5fa816784fe9a58edd%7C0%7C0%7C638434957216320648%7CUnknown%7CTWFpbGZsb3d8eyJWIjoiMC4wLjAwMDAiLCJQIjoiV2luMzIiLCJBTiI6Ik1haWwiLCJXVCI6Mn0%3D%7C0%7C%7C%7C&sdata=E12q2091g5houBWGwfTpq5EQ%2FzQqAQiir9S1FywD1vk%3D&reserved=0
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Pakistan). The topics were focused this year on mathematical methodology for materials
science: (1) data-driven modeling of constitutive laws for steels (elasto-plasticity with
damage) and (2) partial differential equations -based simulations of thermo-oxidation
aging of thin adhesive bands. Both problem-solvers and problem-owners had lots of fun
and have benefitted of intensive scientific interactions. Follow-up activities are planned.

We announce already at this stage that the 8t Mathematics with Industry Day will take
place in Karlstad on Wednesday, 4th of December, 2024. For current and future
information on the Mathematics with Industry Days in Karlstad, see https://www.kau.se/

MIMM-day.

Lokala nyheter

CTH/GU

Ny doktorand

Anna Rohova

Ny universitetslektor
Pierre Nyquist

Nya postdok
Annamaria Ortu

Sagy Ephrati
Johannes Borgqvist
Eduard Vilata Vila
Andrea Papini

Max Guillen

Projektassistent
Henrik Haggstrom

Karlstads universitet

Ny doktorand

Khanh Nguyen

Ny licentiatavhandling

Markos Fisseha Yimer, Some New Contributions to the Theory of Hardy Inequalities, 22
november

Ny meriterad larare

Yosief Wondmagegne

Medalj till Lars-Erik Persson

Tjeckiska matematiska séllskapet (Ceska matematicka spoleénost), & végnar av Unionen
av tjeckiska matematiker och fysiker (Jednota ¢eskych matematikd a fyzik(), tilldelar
Hedersmedaljen fér matematik 2023 till Prof. Jifi Cihlar, prof. Ladislav Luksan, prof.
Lars-Erik Persson och prof. Lawrence Somer.

Linkopings universitet, Linkoping
Ny doktorand


https://eur01.safelinks.protection.outlook.com/?url=https%3A%2F%2Fwww.kau.se%2FMIMM-day&data=05%7C01%7Colof.svensson%40liu.se%7C09e03758cfff4cc1e7b108dbf743a76b%7C913f18ec7f264c5fa816784fe9a58edd%7C0%7C0%7C638375642166264664%7CUnknown%7CTWFpbGZsb3d8eyJWIjoiMC4wLjAwMDAiLCJQIjoiV2luMzIiLCJBTiI6Ik1haWwiLCJXVCI6Mn0%3D%7C3000%7C%7C%7C&sdata=lOt%2B%2Bh5DZma6qp8HBQXLLrInURVkjOt4uPlRxPgQ3rk%3D&reserved=0
https://eur01.safelinks.protection.outlook.com/?url=https%3A%2F%2Fwww.kau.se%2FMIMM-day&data=05%7C01%7Colof.svensson%40liu.se%7C09e03758cfff4cc1e7b108dbf743a76b%7C913f18ec7f264c5fa816784fe9a58edd%7C0%7C0%7C638375642166264664%7CUnknown%7CTWFpbGZsb3d8eyJWIjoiMC4wLjAwMDAiLCJQIjoiV2luMzIiLCJBTiI6Ik1haWwiLCJXVCI6Mn0%3D%7C3000%7C%7C%7C&sdata=lOt%2B%2Bh5DZma6qp8HBQXLLrInURVkjOt4uPlRxPgQ3rk%3D&reserved=0
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Sara Julsgéard i matematikdidaktik

Disputationer

Axel Tiger Norkvist,"The Noncommutative Geometry of Real Calculi"

Pauline Achieng, "Reconstruction of solutions of Cauchy problems of elliptic equations
in bounded and unbounded domains using iterative regularization methods"

Lunds universitet

Ny professorer

Kristina Juter, ny professor i matematikdidaktik

Philipp Birken, befordrad till professor

Information

Ett forslag om s.k. tillgdnglighetspolicy vid institutionen har dragits tillbaka efter
ingripande av SACO.

Stockholms universitet

Nya doktorander

Alice Brolin, september 2023
Benedetta Andina, september 2023
Anna Lindeberg, januari 2024
Timotheus Schmatzler, oktober 2023
Ny lektor

Oliver Lindblad Petersen, April 2024
Nya postdok/forskare

Martina Favero, januari 2024

Clara Henry, februari 2024

Marion Jeannin, januari 2024

Lucas Lundgren, oktober 2023

Luic Pujet, juni 2023

Jakob Reiffenstein, december 2023
Thomas Wennink, december 2023

Umea universitet
Nya doktorander
Sabahat Define Plattlirk
Michele Di Sabato
Kean Tang

Nya postdocs

Ali Sharifi

Ezgi Turkarslan
André Berg

Alexey Gordeev
Shantiram Mahata
Sabrina Melinda Lato
Apratim Bhattacharya



The Method of Moving Points
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1 Introduction

The method of moving points is a powerful tool for solving geometry problems. It builds on the
idea of showing that two mappings, i.e. functions between geometric objects, are the same. This
can be done by showing that the mappings have a certain property and then checking three cases.
If a geometric object (a point, line, circle etc.) is constructed such that criterion A holds and the
objective of the problem is to prove that criterion B also holds for this object, then the method
of moving points can be used by considering two mappings: one where criterion A holds and one
where criterion B holds. Showing that the two mappings are equivalent will imply that criterion B
holds and we will have a solution to our problem. This is a rough sketch of how the method works.
After we have gone through the theory and looked at a few examples the details will hopefully be
much clearer.

2 The Main Idea of the Method

Suppose you want to show that two real-valued functions f and g are the same. Just showing
that f(1) = ¢g(1) and f(2) = ¢g(2) is not nearly enough, since f and g may be different at other
points as figure 1 illustrates. However, if we could do some magic to show that f and g are linear,
f(1) = g(1), f(2) = g(2) would actually be enough to show that they are the same, since linear
functions are uniquely determined by two points, see figure 2.

Figure 1: f and g are different. Figure 2: f and g are the same.

The idea behind the method of moving points is quite similar to this, but we instead look at functions
between objects such as circles and lines. To prove that these functions are equivalent, i.e. equal for
all inputs the functions are defined on, we prove that the functions are projective maps and that
they are equal for three points [2].

3 The Cross-Ratio

In order to define what a projective map is, we need to introduce the so-called cross-ratio.
Definition 1. Let A, B, C and D be four distinct points on a line. The cross-ratio, denoted
(A, B;C, D), is defined as follows:

AC-BD
W B:CD) = e an



where AC, BD, BC and AD are distances and the orientation of the line determines the sign of
each distance (i.e. XY = =Y X for two points X andY ).

The definition of the cross-ratio may seem arbitrary but as we will see it has some useful
properties. The cross-ratio has its origin as a measure that is invariant under changes of perspective
i.e. projective transformations. What this means in our case is that the cross-ratio is preserved by

projection from a point. In figure 3 the cross-ratio is preserved during projection from line [ to I’ so
that (A, B;C,D) = (A, B’;C", D).

Figure 3: The cross-ratio is preserved during projection

Projection from a point is an example of a projective map. A more extensive list of projective
maps will be given later. As a consequence of the cross-ratio being invariant under projection from
a point, the cross-ratio can be defined not just for points on a line but also for lines in a pencil of
lines, i.e. the set of all lines going through a fixed point. The cross-ratio of four intersecting lines
can be defined as the cross-ratio of the four points of intersection with an arbitrary line not going
through the intersection of the four lines.

Definition 2. Let P be a pencil of lines. Given four lines L1, Lo, Ls, Ly € P and a line | ¢ P, the
cross-ratio is defined as
(L1, Lo; L3, La) = (A, B; C, D),

where A=L1 NI, B=LyNIl, C=LsNIl and D = LyN1. Through trigonometry, it can be shown
that this is equivalent to

sin 4([11, Lg) sin A(LQ, L4)

sin Z(Lo, Lg) sin Z(Lq, Ly)

(Lla L27 L37 L4) ==
where Z(L;, L;) denotes the angle' between lines L; and L; and the sign is positive if and only if
one of the angles formed by Ly and Lo does not contain Ls or Ly [1].

Furthermore, the cross-ratio can be defined for points on a circle.?
Definition 3. The cross ratio for four points Py, Py, P3, Py on a circle is given by
(P, Po; Ps, Py) = (P1Q, P2Q; P3Q, P4Q).
I Two lines actually form angles with both sizes § and 180° — 6, but since sin (§) = sin (180° — ) this is not a

problem for us.
2More generally for points on a conic section, but only circles will be discussed here.




where Q is any® point on the circle.

Because of the inscribed angle theorem, we know that the value of sin ZP;QP; is independent of
Q. From definition 2 we can then see that the value of (P1Q, P2Q; PsQ, P,Q) is the same for all
choices of ) on the circle and so the cross ratio for circles is well defined.

Py

Al B\C

P,
Ll L2 L3 L4 4

Figure 4: The cross-ratio for lines in a pencil of lines and points on a circle.

4 Projective Maps

We are now ready to define what a projective map is:

Definition 4. Let Cy, Co be two objects for which the cross ratio is defined. A function f:Cy — Ca
is called a projective map if it preserves the cross-ratio, that is if

(4, B;C, D) = (f(A), f(B); f(C), f(D))
where A, B, C, D € C;.
Why would any of this be useful? Recall that a linear function is uniquely determined by 2

points. Similarly, a projective map is uniquely determined by 3 points. We have the following very
important theorem:

Theorem 1. Two projective maps f : C; — Co and g : C; — Co are equivalent if f = g for three
distinct points on Cy.

Proof. Let Ay, As and A3 be distinct points on C; and By, By and B3 be points on Cs such that
f(A;) = g(A;) = B; fori € {1,2,3}. Note that By, By and Bj are also distinct.* Now consider a point
X € Cy\ {41, A2A3}. Since f and g are both projective, (A1, As; A3, X) = (B, Ba; Bs, f(X)) =
(B1, Ba; B3, g(X)). From the definition of the cross-ratio, we get that

BBy Baf(X) _ BiBy Bag(X) _ Baf(X) _ Bag(X)

ByBs - Bif(X) BBz Big(X) Bif(X)  Big(X)
Since By f(X) = B1f(X) — B1 By and Byg(X) = B1g(X) — By Bs, this is again equivalent to
Bif(X) = BiBy _ Big(X) — B1B, B1Bs BB
= = 1l-——m=1- —— = Bif(X)=DB1g(X).
BL(X) Big(X) B B T B =)
This implies that f(X) = g(X). O

3If Q = P;, the line P;Q is taken to be tangent the the circle at that point.
4Since A1, A> and Az are distinct, the cross-ratio is neither 0 nor involves division by zero. This is still the case
after the projective map has been applied, and thus B1, B2 and B3 are also distinct.



This theorem is the central result that the method of moving points relies on. It is a very
powerful tool since we can prove that two projective maps are the same by checking that they are
equal for just three cases.

The other part of the method is to prove that functions between geometric objects are projective
maps. The definition of projective maps says that the cross-ratio being invariant is sufficient for
a function to be projective, but proving that a map is projective using only the definition can be
complicated. Instead, it often serves us to decompose a function into a composition of maps that
are known to be projective. This proves that the map is projective because of to the following very
important fact:

Theorem 2. The composition f o g of two projective maps f and g, is projective.

Proof. The proof is left as an exercise to the reader. O

5 A List of Projective Maps

Projection from a point has already been mentioned as an example of a projective map, but it is far
from the only one. Here is a short list of the most important types of projective maps:

Line Projection

Given a fixed line and point X not on the line, X
the map taking every point P on the line to a
line X P, or vice versa, is projective.

Circle Projection

Given a fixed circle and point X on it, the
map taking every point P on the circle to a
line X P, or vice versa, is projective.

When considering line and circle projections taking a point to a line through X and then taking
that line to a point we will abbreviate the description and call it a projection from X between a
line/circle and a line/circle. However if you want to apply an intermediate map to the line it will be
useful to think of the maps as taking points to lines and vice versa.



Line Reflection

Given a fixed line, the map reflecting every
point P on some line or circle through this line P
is projective.

r
.

Point Scaling

Given a fixed point X, the map scaling with
centre X every point P on some line or circle
by a fixed value is projective. Two special P
cases are the map taking P to the midpoint of

segment X P, and the map reflecting P through ¢ X
X.

Definition 4 says that we need to prove that the cross-ratio is invariant to show that point scaling
is projective. Point scaling simply scales all distances by a fixed value «. The distances AC, BD,
BC and AD, then become A'C' = a- AC, B'D' = a- BD, B'C' = a-BC and A’D' = a- AD
respectively. We see that the cross-ratio (4’, B’;C’, D') is equal to (A, B; C, D) since

_AC'-B'D' a-AC-a-BD AC-BD _

A,BC', D)= = = =(A,B;C,D
(4%, B3¢, D) B'C'-AD  «a-BC-a-AD BC-AD (4,B;C, D),
which proves that point scaling is projective.
Rotation
X

Given a fixed point X, the map rotating every
line through X by some fixed value is projec-
tive.

\ J

Under rotation the cross-ratio of lines is invariant because the cross-ratio only depends on the
angles between the lines by the seconds part of definition 2. Since every line through X is rotated
by the same fixed value, the angles between those lines are the same and thus the cross-ratio is
preserved. This proves that the rotation of every line through a point X by a fixed angle is projective
by definition 4.



Circle Inversion

Given a point O and a radius r the map taking

any point P on a line or circle to the point

P’ on the ray OP such that OP - OP' = r? is P
projective.

6 Interlude: Basics of Circle Inversion

To those unfamiliar with inversion a bit more explaining will be necessary to fully grasp it. Here we
will lay out the basic properties of inversion without fully explaining every detail for the sake of
brevity. However, we encourage the reader to look more into inversion since it is an amazing subject
in its own right.

The reason we are interested in inversion is because it preserves the cross-ratio, meaning that
it is projective, and it allows us to better work with circles by transforming them into lines. The
formula OP - OP’ = r? tells us where points go but we want to understand what happens to sets of
points such as circles or lines since the method of moving points entails moving along such sets.

The image of a circle not going through the centre O of the inversion, is a circle. Since a circle is
defined by three points, the way you would construct the image in practice is to take the inverse of
three points and draw the inverted circle through them. Furthermore, if the circle goes through the
centre of inversion O it is mapped to a line not going through O. Note that inversion is its own
inverse, i.e., applying inversion twice with the same centre and radius gives back the original picture.
This tells us that a line not going through O is mapped onto a circle going through O. A line going
through O is mapped onto itself which should be clear from the definition.

Figure 5: Inversion maps circles to circles unless the circle goes through the centre of inversion O,
then the circle maps to a line not going through O and vice versa. A line through O maps to itself.

7 The Method of Moving Points

Now that we are more familiar with projective maps, we can present a protocol for using the method
of moving points in geometric problems.



The Method of Moving Points

1. Define two functions f and g that take some point P on a line or circle to X and Y
respectively. These functions should correspond to two different constructions: one
given by the problem statement and one given by what ought to be proven.

2. Show that both f and g are projective maps, e.g. by showing that they are compositions
of projective maps.

3. Find three positions of P for which X and Y coincide. By Theorem 1, this implies that
f and g are equivalent and the proof is complete.
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Why is this called the method of moving points? Because we can say that we ”move” the point
P along some curve which in turn moves the points X and Y.

8 Points at infinity

Since we need three points to choose for P it would be useful to have as many points available as
possible. We therefore introduce the concept of points at infinity and the projective plane. The
projective plane can be seen as an extension of the Euclidean plane. In the Euclidean plane every two
points define a line (the line through the points) and every two lines define a point (the intersection)
except when the lines are parallel. To resolve this asymmetry, points at infinity, defined by the
intersection of parallel lines, are added to the Euclidean plane to form the projective plane. A point
at infinity can be defined by a direction (the direction the parallel lines are facing) and together all
points at infinity form a line at infinity. Let us for example say that we have a line [, a point A not
on the line [ and a point P moving along the line [. By choosing P to be the intersection of [ and
the line at infinity the line AP will be parallel to [ which might make it easy to show that two maps
involving this construction are equal. This works since the cross-ratio can be defined for points at
infinity. Let us say that we want to compute (A, B;C, D) and that D is a point at infinity. We then
drop the distances involving D from the expression giving us

AC
The thought behind why we do this is that the two infinite distances BD and AD cancel each other.
Points at infinity also let us define what happens to the centre of a circle inversion. We say that if a
line or circle goes through the centre of inversion, this centre is mapped to the point at infinity on
the inverted line. In the same way the point at infinity on a line is mapped to the centre of inversion.

9 Example Problems

Example 1. Given a triangle ABC' and some point F on the altitude through A. Let D be the foot
of the altitude through A, let F' be the intersection of AB and CE and let G be the intersection of
AC and BE. Prove that ZADF = ZADG.



Solution. First we choose to move the point E. The strategy to solve this problem is to prove that
the unique point X € AC which lies on the line BF is the very same point as the unique point
Y € AC defined such that ZADF = ZADY. If X and Y coincide, G is positioned such that the
angles in question are equal and the proof is complete.

Figure 6: £ — X Figure 7: E— Y

Consider the map f : AD — AC sending the point £ € AD to X € AC such that X = ACNBE.
This map is a projection from a line to another line and is thus projective. Furthermore, the map
g:AD — AC, which sends E € AD to Y € AC such that ZADF = ZADY is projective since it is
a composition of projective maps. The map can be broken up into the steps E + F +— ' Y
where I is the reflection of F' through AD. The maps E — F and F’ — Y are projections and
F — F' is a projective map since it is a reflection.

B D ¢ B D c E
Figure 8: Let E be A, D and the reflection of A over BC.

Using the method of moving points, all that is left is to check that f and g are equal for three
different choices of F.

e Firstly consider when E lies on A. Then f maps FE to A and g trivially maps E to A and
both angles are zero.

e Secondly, if E lies on D, f maps E to C just like g since both angles are right angles.



e Finally, consider when FE lies on the reflection of A over line BC'. By symmetry, ZADX =
/ZEDF and since ZEDF = /EDF’ we have ZADX = /EDF’'. Because A, D and F lie on a
line with D between A and FE, this implies that X, D and F” lie on a line and so the projection
of F/ on AC through D is X. Thus X =Y and our final case is complete.

Example 2. (SMT qualification round 2018) Let AB be a chord in a circle with centre O.
The line | goes through O and intersects the chord AB in the point P. Let C be the reflection of
the point B through the line I. Show that the points A, C, O and P lie on a circle.

Solution. Let I' denote the circle with centre O. We first see that in the special case when B lies on
l, B coincides with C' and P. Thus C and P are the same point and it is trivial that the points
lie on a circle. To handle the general case we choose to move A on the circle I' and fix B and [.
Consider the map f : ' — [ defined by mapping A to X =[N AB. This map is a projection from
a circle to a line through a point on the circle which clearly is projective. Furthermore, the map
g: ' — [ defined to map A to Y =1N (AOC) i.e. the not already known intersection of the line [
and the circumcircle to AOC, is projective. To see why this map is projective we apply inversion
with respect to a circle centred at C. Let ¢(t) denote the image of ¢ under this inversion. The map
g can be decomposed into A — ¢(A) — ¢(Y) — Y. Here ¢(A4) — ¢(Y) denotes the projection of
@(A) to the the circle ¢(I) from the point ¢(O). Thus the map g is projective.

Figure 9: The image of [ under inversion with centre C' is a circle I’ and the image of (AOC) is a
line.

To prove that f is equivalent to g, which would imply that P lies on the unique circle going
through the points A, C' and O, we check three cases for A.

e Let A be the two intersections of I' and [. Then f maps A to itself. Since A is the other point
(AOC) intersects the line I, g also maps A to itself. This gives us that the maps are equal for
two points.
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e Let A be the intersection of the line BO and I' not equal to B. Then f maps A to O and by
symmetry (AOC) is tangent to [ at O so g maps A to O too.

Example 3. (Serbia MO 2018) Let AABC be a triangle with incentre I. Points P and @ are
chosen on segments BI and C1 such that 2/PAQ = ZBAC. If D is the touch point of incircle and
side BC, prove that ZPD@Q = 90°.

Solution. We move P. Consider a mapping f : BI — CI sending P € BI to X € CI such that
ZPAX = 1/BAC and another mapping g : BI — CI sending P € BI to Y € CI such that
/ZPDY = 90°. The map f is projective since P — AP +— AX +— X is composition of projective
maps. P — AP is a map from a point to a pencil of lines through A and preserves the cross
ratio. Furthermore, AP — AX is a rotation by the fixed angle %ZBAC and thus projective so f is
projective. Similarly g is projective. If we show that both maps are equivalent it will follow that P
is sent to @ by both maps and thus ZPDQ = 90°. We show they are equivalent by showing that
the maps are equal for three positions of P.

e Let P = B. Since ZBAI = %ZBAC f maps P to I. The map g maps B to the same point
since BD is tangent to the incircle and the radius DI is perpendicular to the tangent.

e Let P = 1. With a smiliar argument as before both f and g map P to C.

e Let P, Q be the centres of the inscribed circles of AABD, NACD respectively. Since
/PAQ = LPAD + ZDAQ = %ABAD + %LDAC = %ABAC f maps P to @ and since
/PDQ = /ZPDA+ LADQ = %ABDA + %LADC = %LBDC = 90°, g also maps P to Q.

10 Conclusion

We have looked at examples dealing with projection, reflection, inversion and rotation so we hope
you have a good understanding of the protocol now. Furthermore, we hope that this topic has been
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both insightful and entertaining. In this paper we covered far from everything there is to know
about the discussed topics and further study is encouraged. For example, the article The Method of
Animation by Zack Chroman, Gopal K. Goel and Anant Mudgal provides a powerful generalisation
of the method. Nonetheless, since mathematics is not a spectator sport we have compiled a list of
exercises so you may apply these ideas yourself and develop new problem solving skills.

11 Exercises for the Reader

Problem 1. Let AB be a diameter of circle w. [ is the tangent line to w at B. Take two points C,
D on [ such that B is between C' and D. E, F are the intersections of w and AC, AD, respectively,
and G, H are the intersections of w and CF, DE, respectively. Prove that AH = AG.

Problem 2. Let ABC be a triangle with circumcircle (O). The tangent to (O) at A intersects the
line BC' at P. E is an arbitrary point on the line PO, and D € BFE is such that AD 1 AB. Prove
that ZFAB = ZACD.

Problem 3. Let I be a circle, O its centre and [ a line. The perpendicular through O to [ intersects
I'at A and B. Let P, Q be two points on I', and PANI! = X1, PBNl = X5, QAN =Y,
@B NIl =Y5. Prove that the circumcircles of AAX,Y; and AAX-Y; intersect on I'.

Problem 4. In AABC 4B is obtuse and AB # BC. Let O be the circumcentre and w be the
circumcircle of this triangle. N is the midpoint of arc ABC. The circumcircle of ABON intersects
AC on points X and Y. Let BXNw =P # B and BY Nw = @ # B. Prove that P,@Q and the
reflection of N with respect to line AC' are collinear.

Problem 5. (USA Winter TST for IMO 2019) Let ABC be a triangle and let M and N
denote the midpoints of AB and AC, respectively. Let X be a point such that AX is tangent to
the circumcircle of triangle ABC'. Denote by wp the circle through M and B tangent to M X, and
by we the circle through N and C tangent to NX. Show that wp and wc intersect on line BC.
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